Abstract: Mode degeneration caused by the interaction between guided lasing modes and parasitic Bghost[ modes in a terahertz (THz) quantum cascade laser (QCL) waveguide has been investigated and is reported here. It is shown that such interactions can degrade the performance of a QCL by causing abrupt rises (by as much as tenfold the normal value) in the gain threshold of the fundamental lasing mode. The impact of such interaction on the performance of a GaSb/AlGaSb THz QCL operating at 3.0 THz is elucidated here through the results of a rigorous numerical simulation. An optimized design is also proposed to suppress such undesirable intermodal interactions and, thus, to enhance the performance of the QCL.
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Introduction
Quantum cascade lasers (QCLs) are one of the most promising sources of radiation in the terahertz (THz) and sub-THz region of the spectrum [1] , [2] . However, their applicability in many areas has been limited by the stringent requirements to operate at cryogenic temperatures. A suitable waveguide design plays a critical role in achieving QCL operation at high temperatures. Wave guidance in a QCL has always been critical, particularly in the long wavelength region due to high conductive loss of the materials involved. Indeed, designing a low-loss waveguide that facilitates high optical confinement in the active area is considered to be a major step in developing better THz QCLs. The first generation of THz QCLs was fabricated on a waveguide with a semi-insulating (SI) substrate, which incorporated a combination of doped semiconductor and metallic cladding layers surrounding the active region [3] . The design philosophy underpinning this was largely aimed at minimizing the waveguide loss and achieving a high power emission. However, such waveguides suffered from poor optical confinement due to the overlapping of the lasing mode with the substrate layer [4] . By contrast, metal-metal (MM) waveguides have outperformed SI waveguides in achieving high optical confinement [5] , low current density threshold [6] , and high operating temperature [7] .
However, researchers have continued to pursue other means of improving the performance of an SI waveguide QCL, particularly in achieving high optical confinement [8] . These attempts were aimed at retaining the advantages these waveguides offers such as good output beam profile and high output power [9] . Recently, Yasuda and Hosako have reported the achievement of near unity confinement ðÀ $ 1:0Þ in a GaSb/AlGaSb THz QCL on a GaAs substrate, by introducing a refractive index contrast between the active and the substrate layer [10] . Observation of electroluminescence from a GaSb/AlGaSb multiple quantum well (MQW) was also reported previously [11] . In their report, the authors have provided an extensive analysis in which the performance of lasing modes is compared by varying the doping concentration of the lower semiconductor layer, as well as its thickness. However, no further analysis was reported on the effect that varying other geometric parameters of the waveguide would have on the performance of the device. Such analyses are often desirable in improving QCL designs as optimizing parameters (such as the width of a QCL) are crucial in obtaining suitable radiation coupling from the cavity. This is particularly challenging in the near unity confinement waveguides due to the subwavelength nature of the modes. Here, the aim is to present such an analysis, and the performance of the lasing modes in such structures is shown to be adversely affected by intermodal interaction between lasing modes and Bghost[ modes.
The interaction between the active modes and passive Bghost[ modes is a performance degrading phenomenon known to exist in many semiconductor laser diode systems [12] - [14] . BGhost[ modes are often classified as parasitic passive modes localized in the cladding layer of a semiconductor laser, which draws power away from the active region [12] . The existence of these modes was identified initially to explain the periodic variation in the laser emission spectrum of an InGaAs/ GaAs/AlGaAs diode laser.
Here, it is shown that such interactions can also take place in a surface plasmon waveguide for THz QCLs. The Bghost[ mode emanating from the metal cladding layer of a GaSb/AlGaSb THz QCL can be shown to interact with the guided lasing mode resulting in a substantial rise in its loss. This also causes a significant drop in the optical confinement of the lasing mode. These combined effects cause a substantial rise in the gain threshold of the lasing mode. A detailed analysis of the dispersive nature of the Bghost[ mode is also shown and a modified design proposed to counter such adverse interactions and thereby enhance the device performance.
Theory

Method of Analysis
A full-vectorial finite element based method [15] has been implemented here to study the complex behavior of the lasing modes in a QCL waveguide. The magnetic (H) field based formulation incorporating the penalty function ðÞ [16] is
where H is the full-vectorial magnetic field, and are the permittivity and permeability tensors of the material, and 0 is the permittivity of free space. Often solutions obtained using the vector finite element approach include spurious solutions. The penalty function method is a well-established procedure which is used here to impose the divergence condition of the magnetic field [16] . Here, the cross section of a multilayer QCL ridge waveguide is subdivided into a patchwork of triangular elements of various sizes. The formulation implemented in this work offers a flexible and rigorous approach for obtaining modal solutions for waveguides where the refractive indices are defined by complex permittivity tensors ðÞ.
Device Parameters
The QCL waveguide simulated here is a GaSb/AlGaSb MQW-based structure on a GaAs substrate similar to that reported earlier [10] . The structure is shown schematically in Fig. 1 , where the thickness of the substrate layer was taken to be 200 m. Numerical simulations were carried out at 3.0 THz, where the refractive indices of the active GaSb layer, the buffer layer, and the GaAs substrate was considered to be 3.886 [10] , 3.92 [10] , and 3.64 [10] , respectively. The complex refractive index of gold at 3.0 THz was taken as 254 þ 398j [17] . For the doped GaSb layers above and below the active region, their frequency dependent refractive index ðn r þ jk Þ was calculated using the Drude-Lorentz [4] formulation
where GaSb is relative dielectric constant of GaSb, m Ã is the effective electron mass, n is the carrier density, ! is the angular frequency, and is the electron relaxation time. The relative dielectric constant of GaSb GaSb is taken to be 15.9 [10] , and the electron relaxation time for n-doped GaSb (of doping concentration N p ) was taken to be 0.3 ps [10] .
At high doping concentrations, the complex refractive index of GaSb has a dominant imaginary part. This fact would suggest that a thin layer of GaSb would behave like a metal layer that is able to support surface plasmon modes (SPMs) of both a symmetric and asymmetric nature. Below the plasma frequency level, at approximately N p ¼ 7:0 Â 10 16 cm À3 , the real part of the complex refractive index of GaSb becomes dominant compared with the imaginary part. As a result, the lowdoped GaSb layer would behave in a way that is similar to a dielectric layer and, hence, would be unable to support an SPM.
The key parameters that dictate the performance of the lasing mode in a QCL are the waveguide loss w , the mirror loss m , and the fractional power confinement in the active layer. Therefore, in the analysis used here, the variation of these parameters has been analyzed rigorously. The waveguide loss was calculated from the imaginary part of the complex propagation constant of the lasing mode to be w ¼ 2j. In the earlier analysis undertaken by Yasuda et al. [10] , the mirror reflectivity was not taken into account. Here, an approximation for the mirror reflectivity R, using an effective index method [4] , has been employed. The mirror loss was then calculated from the approximation m ¼ ÀlnðRÞ=L, where the length of the cavity L was taken to be 0.3 cm. The optical confinement factor À in any particular area A was obtained by integrating the Poynting Vector, which is obtained from the H field as
The performance of the QCL was evaluated using the conventional figure of merit otherwise known as the threshold gain, which can be defined as gth ¼ ð w þ m Þ=À, where w , m , and À are the waveguide loss, the mirror loss, and the power confinement in the active area, respectively. These parameters collectively define the performance characteristics of a THz QCL waveguide. 
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Formation of Lasing Modes
The lasing mode in a THz QCL waveguide stems from effective coupling between the SPMs formed at the metal/doped semiconductor interfaces above and below the active layer. In order to understand the nature of these lasing modes, initial investigations were carried out focusing on the dynamics of their formation. The structure shown in Fig. 1 was initially simulated using a planar 1-D solution ðW ¼ 1Þ to identify the formation of various SPMs that can be supported by this waveguide. The doping concentration of the lower doped semiconductor layer (also referred to as the plasma layer here onwards) was varied. Two separate simulations were carried out to isolate the SPMs formed at the upper (metal clad) and bottom (plasma layer) interfaces. The upper planar structure was considered to be of an
configuration, while the bottom planar structure was considered to be of an
configuration. Both these structures, being twin plasmonic interfaces, are able to support complex coupled SPMs. The variation in their effective indices is shown in Fig. 2(a) .
The top air/gold interface of the upper composite I-M-M-I layer supports an SPM, with its effective index close to 1.0. This mode decays vary rapidly in the gold layer, with a 1=e skin-depth of about 35 nm and a very slow decay in the air. On the other hand, the SPM at the lower goldn þ GaSb-GaSb/AlGaSb core (M-M-I) has an effective index value of 3.889. This mode also decays rapidly in the gold layer ð ¼ 30 nmÞ and slowly inside GaSb/AlGaSb core. These two SPMs do not couple because of their large phase mismatch and very short decay length compared with the gold thickness of 400 nm. Any additional Ti or other metal layer used in conjunction with the gold layer, or surface roughness or presence of gold wire, would not assist the supermode formation across this layer. However, the SPM (termed here as SPM t ) at the lower gold-n þ GaSb-GaSb/AlGaSb core layer with its effective index 3.886 (shown in Fig. 2(a) by a straight-chained line), decays slowly across the core region to efficiently couple to the SPM at the bottom planar structure. At the lower end of the active layer, the field reduces to a mere 60% of its maximum value. The effective index of this mode, lying closer to the SPMs formed at the I-M-I interface, easily interacts with them to form coupled surface plasmon supermodes (SPSMs).
With regard to the I-M-I interface, the variations of the effective indices of the SPMs (both symmetric and asymmetric) are also shown in Fig. 2(a) . For a high doping concentration ðN p ¼ 5:0 Â 10 18 cm À3 Þ in the plasma layer, the effective index of the asymmetric SPM ðSPM 0 Þ is higher than for the symmetric SPM ðSPM 1 Þ. The 1=e decay lengths of the SPM 0 at the upper I-M and lower M-I interfaces are shorter, being only 6.4 and 6.6 m, respectively. For the SPM 1 mode, this value is substantially larger being 27 and 74 m. At this level of N p , the effective indices of the two asymmetric modes at the I-M-M-I and I-M-I interfaces are almost similar, and due to their phase synchronism, they couple together to form an SPSM. As the doping concentration is reduced, the effective index of the SPM 0 mode increases almost exponentially, and the difference with the upper SPM t increases. As a result, the effective coupling between these modes starts to decrease.
On the other hand, the effective index of the symmetric SPM 1 mode hardly varies as N p is reduced from 5:0 Â 10 18 cm À3 . As a result, the effective coupling between SPM 1 and SPM t results in the formation of the second coupled SPSM (identified here as SPSM 1 ). Below the plasma frequency threshold where N p ¼ 7:0 Â 10 18 cm À3 , the effective index of the SPM 1 mode reduces rapidly, and as a result, the SPSM 1 mode reaches its cutoff limit. However, below the plasma frequency threshold, the guided mode stems out only from the SPM t mode at the upper I-M-M-I interfaces. Although the effective indices of all these SPMs at isolated plasmonic interfaces provide a clearer view on the formation of the SPSMs, the variation in the effective indices of these modes in a 2-D structure will provide a detailed insight into the nature of the lasing modes and their cutoff regimes in a real device and are shown in the following sections. Fig. 2(b) shows the effective indices of the SPSMs formed at the 2-D interface of the QCL waveguide. In this part of the analysis, the width W of the QCL ridge is kept constant at 150 m and the doping concentration; N p in the lower plasma layer was varied. It can be observed that the variation of the effective index of the SPSM 0 mode follows a similar pattern as the SPM 1 observed earlier. This confirms that the SPSM 0 mode indeed evolves due to the effective phase synchronism between the SPM 0 and the SPM t modes formed at the I-M-I and the I-M-M-I interfaces, respectively. The variation in the effective index of the SPSM 0 mode in a full planar structure is also shown here for comparison. It can be observed that at high value of N p , the results of the planar and 2-D solutions are almost similar. This can be attributed to a very high mode confinement in the core of the waveguide. Whereas at a lower value of N p , the field confinement in the core reduces, as a result the effective index of the SPSM 0 mode in a 2-D guide slowly diverges from that seen in the planar waveguide. The effective index of the SPSM 1 varies over an acceptable range between N p ¼ 1:0 Â 10 18 -1:0 Â 10 17 cm À3 . Below this lower bound, as N p reaches the plasma frequency threshold value ðN p ¼ 7:0 Â 10 16 cm À3 Þ, the effective index of this supermode rapidly reaches its cutoff. This is due to the fact that below the plasma frequency level, the lower doped GaSb layer is unable to sustain a plasmon mode. As a result, the overall guide is unable to support an SPSM. Hence, it can be seen that below the plasma frequency level, the lasing mode is a single plasmon mode, i.e., SPM 2 with its plasmonic interface at the metal clad layer and extending beyond the lowdoped plasma layer. Close to the plasma frequency threshold, this single plasmon mode has a lower effective index. However, as the doping concentration is reduced, the effective index of this mode approaches a value similar to that of the effective index of the SPSM 1 .
In a previous report, Yasuda et al. [10] identified SPSM 1 and SPM 2 as a single mode with an anomalous peak around the plasma frequency threshold. Here, it is clearly shown that in fact, the SPSM 1 mode cannot exist below the plasma frequency level; rather, a single plasmon mode SPSM 1 is formed, and both of these modes have entirely different modal properties. Although the variation in the power confinement, the waveguide loss, and the gain threshold of the SPSM 0 and the SPSM 1 modes reported here agree well with those in the earlier report [10] , for the SPM 2 mode, we have a high power confinement ðÀ 9 0:9Þ near the plasma frequency threshold. As the doping concentration is reduced below N p G 5:0 Â 10 16 cm À3 , the power confinement of the SPM 2 mode approaches a constant value of 0.74.
To enhance the understanding of how the modal confinement varies with the doping concentration in the doped GaSb layer, 2-D intensity profiles of these modes are also shown here. Fig. 3(a)-(c) show the 2-D H x field profiles of the SPSM 0 , SPSM 1 , and SPM 2 . Fig. 3(d) -(f) show their variation of the H x field along the vertical y -axis at the center of the waveguide. As shown in Fig. 3(a) , the coupled SPSM 0 supermode has a highly confined field in the waveguide core. As the doping concentration was reduced, a loosely coupled SPSM 0 mode emerges where the field symmetry reduces and extends slightly into the substrate as shown in Fig. 3(d) . For the SPSM 1 mode, a substantial field can be seen to be overlapping in the substrate region, as shown in Fig. 3(b) . As a result, this causes a significant drop of the field confinement, which ultimately results in a staggering surge in its gain threshold. On the contrary, the SPM 2 mode, despite being an uncoupled SPM, can be seen to have a modest nonuniform field confinement in the core region. This mode, having the lowest overall loss among the three lasing modes, was noted to have the lowest gain threshold.
Existence of BGhost[ Modes
Besides these modes discussed above, there can be other modes supported by the individual layers of such a complex waveguide which can also interact with the guided modes (shown above), depending on their possible mode coupling. Such localized modes are often highly dispersive, have transitory effects, and are often termed Bghost[ modes in semiconductor lasers.
In order to identify the existence of these Bghost[ modes, in this part of the analysis, the waveguide width was varied, keeping the thickness constant, as shown previously in Fig. 1 . Some of the guided and leaky modes supported by this structure have been analyzed; however, only the lasing modes and other modes coupling with them have been investigated in detail. The variations in effective indices of these modes are shown in Fig. 4 .
For the SPSM 0 mode, the doping concentration at the plasma layer was kept fixed at N p ¼ 5:0 Â 10 18 cm À3 . The SPSM 0 has the highest overall effective index among all the lasing modes. It maintains a fairly constant effective index for a wider ridge. However, it can be observed that as the width W of the ridge approaches 120 m, the SPSM 0 starts to interact with the Bghost[ mode (observed also at N p ¼ 5:0 Â 10 18 cm À3 ), which is highly dispersive in nature and has a rapidly changing effective index values. At approximately W ¼ 115 m, the two effective index curves intersect each other, and as a result, a slight perturbation can be observed in the effective index of the SPSM 0 mode. Beyond this point, a fast variation in the effective index of the SPSM 0 mode can be observed until the mode reaches its cutoff width at 40 m.
For the SPSM 1 mode, the doping concentration was fixed at N p ¼ 4:0 Â 10 17 cm À3 since at this level, the lowest gain threshold for this mode was observed. Although this mode has a lower effective index than the SPSM 0 mode, a similar pattern of variation pattern was observed in its effective index profile. At approximately W ¼ 105 m, the same Bghost[ mode was observed to interact with the SPSM 1 mode, and hence, a discontinuity can be also observed in its effective index profile. The SPM 2 mode was, on the other hand, observed to have the lowest effective index of all the three modes. However, despite its effective index variation being similar to that of the supermodes, the SPM 2 mode was observed to have a higher cutoff width than the supermodes themselves. However, the Interaction of the SPM 2 mode with the Bghost[ mode was observed at approximately W ¼ 100 m.
So far, the variation in the effective index of the Bghost[ mode and the specific regions where this mode interacts with the lasing modes have been observed. However, in order fully to understand its nature, it is useful to compare the contour profiles. Fig. 5 shows the intensity profiles of the H field of the Bghost[ mode. In general, the lasing modes in a QCL being plasmonic are of a transverse magnetic in nature having a dominant H x or E y field component. However, it is widely known that unlike planar plasmonic structures, plasmon layers of finite width do not support pure TM modes [18] . Hence, both the H x and H y profiles of the Bghost[ mode have been analyzed. The intensity of the H y field of the mode is shown in Fig. 5(a) , which clearly shows higher order lateral variation. The H x field profile is also shown in Fig. 5(b) , which reveals the mode forming profile. In this case, the magnitude of the H x field is greater than that of the H y field. An exponential decay of the H x field was also observed at both the upper and lower plasmonic interfaces, which clearly suggests that the Bghost[ mode, in this case, resembles features of a plasmonic mode. It can be observed here that the mode is highly localized in the metal cladding layer with a substantial overlap of the field with the active MQW region, which reaffirms the fact that indeed the Bghost[ mode can interact with the lasing modes. The Bghost[ mode, being a highly lossy mode (with a loss value of 106.95 cm À1 observed at W ¼ 115 m), also causes a sharp rise in loss value of the lasing modes, and this is discussed below. Fig. 6(a) shows the variation in the waveguide loss of the three lasing modes with the variation in the waveguide width. For a wider QCL ridge, the highly coupled SPSM 0 mode was observed to have a higher modal loss in comparison with both the SPSM 1 and SPM 2 modes. This is predominantly due to high field deposition inside the lower plasma layer. Its loss remains fairly constant for a wider ridge. However, as the ridge width approaches W $ 125 m, due to the interaction of this SPSM 0 mode with the more lossy Bghost mode,[ the loss value begins to increase rapidly until it reaches a local maximum at W $ 115 m. At the localized peak, the waveguide loss was observed to increase by approximately 50% of the value obtained with a larger ridge width. Similar variations in the waveguide loss were also observed for the SPSM 1 and SPM 2 modes. For the SPSM 1 mode, a more than twofold rise in waveguide loss was observed at a value of W of 105 m, where this mode starts to interact with the lossy Bghost mode.[ In the case of the SPM 2 mode, a significant fivefold rise in waveguide loss was observed around W $ 100 m.
The variations in optical confinement in the active layer for the three lasing modes are shown in Fig. 6(b) . For a wider ridge, a near-unity confinement can be observed for the SPSM 0 mode. The confinement factor starts to decrease slowly as the waveguide width is reduced. However, as the width of the ridge approaches near 125 m, the confinement factor starts to drop exponentially until reaching minimum at W $ 115 m.
For the SPSM 1 and SPM 2 modes, a similar variation was observed in their confinement factor. For the SPSM 1 mode, a drop in confinement factor was observed at W $ 105 m, whereas for the SPM 2 mode, this feature was observed at W $ 100 m. Although SPM 2 shows a higher power confinement in the active region, its nonuniform field [as shown previously in Fig. 3(f) ] profile may result in poor overlap with the gain profile of the QCL. In the analysis undertaken, the field confinement in each of the individual layers has been computed. It should be noted here that similar variations in the confinement factor were observed in all the layers except for the upper doped GaSb and metal layers, where a significant surge in confinement was observed near the region of interaction. This confirms that a greater proportion of the optical field is confined in the lossy metal and doped GaSb layer (Bghost modes[ are predominantly localized in these layers, as shown in Fig. 5 ), which in fact, causes the surge in modal attenuation near the region of interaction, which was shown earlier in Fig. 6(a) .
The variations in the gain thresholds ðgthÞ of the lasing modes with the waveguide width are shown in Fig. 7(a) . For a wider ridge ðW $ 200 mÞ, the gth value for the SPSM 0 and SPSM 1 modes are 22.6 and 32 cm À1 approximately, whereas for the SPM 2 , the value is 10.84 cm À1 . As the waveguide width is reduced, the gth profile of all the modes follows a similar pattern to the loss curve with a localized peak for SPSM 0 at W $ 115 m, SPSM 1 at W $ 105 m, and at W $ 100 m. For SPSM 0 , the gth at the peak was observed at 47 cm À1 . For SPSM 1 and SPM 2 , the peak value is at 103 cm À1 and 127 cm À1 , respectively. In Fig. 4 , it was shown that the Bghost[ mode is highly dispersive in nature with the waveguide width. It was also shown later that the Bghost[ mode is a higher order mode being strongly localized in the upper metal clad region. This suggests that the effective index of the Bghost[ mode inherently has a strong functional relation with the width of the upper metal cladding layer. In order to establish that relationship, the width of the metal layer was varied (keeping the width of the core and the doped GaSb region fixed). It was observed that a slight reduction in the width of the metal layer (given by m and taken from the edges of the QCL ridge) causes a sharp rise in the effective index of the Bghost[ mode. Thus, numerically, for ¼ 0 m and W $ 115 m, the effective index value of the Bghost[ mode was observed to be 3.988. However, for ¼ 1:3 m, the effective index value rose to 4.11. This results in a major shift in the intersection point between the effective index curves of Bghost[ mode with the lasing modes. Fig. 7(b) shows the variation of the gain threshold where the metal width was reduced by ¼ 3:0 m. The figure inset shows a schematic representation of the narrow clad structure. A slight rise in the gain threshold was observed for the coupled supermodes. However, for the uncoupled SPM, a 30% rise in the gain threshold was observed. It can also be seen here that due to a rapid change in the effective index of the Bghost[ mode, its interaction with the lasing modes is no longer apparent, which gives rise to a smooth gain threshold profile of the lasing modes.
Conclusion
It has been shown in this work that intermodal interaction between the lasing modes and the Bghost[ modes in a THz QCL can lead to abrupt rises in the gain threshold of the lasing modes, thus having a detrimental effect on the performance of the device. It was further shown that such Bghost[ modes are predominantly localized in the upper metal cladding region in a QCL and exhibit a strong dispersion with the changing width of the metal layer. Based on this, it was also demonstrated here that a tiny perturbation of the metal cladding region can cause a significant change in the effective index of the Bghost[ mode. Such structures have previously been demonstrated [19] to suppress higher order lateral modes arising from wider ridge geometry. However, in this study, a similar concept to eliminate adverse mode coupling in QCLs has been used.
